Abstract-A three-dimensional finite-element formulation to compute induced currents into the human body due to relative low-frequency magnetic field is described. Magnetic source field and induced currents are computed separately, allowing to handle sources due to realistic devices. This method is validated using analytical solutions over a sphere. The limit of validity of the formulation is established. Computations using an accurate model of the human body are presented.
I. INTRODUCTION
T HE DAILY exposure to an electromagnetic environment raises the question of the effects of relative low-frequency (up to 1 MHz) magnetic fields on human health. The accurate assessment of the currents induced in the human body by a time-varying magnetic field is a major issue, not only for its relevance in medical research, but also for its implications on the definition of industrial standards [1] . Using the results of epidemiological studies and by application of the principle of "as low as reasonably achievable" (ALARA), the governments have imposed some limitations to the authorized radiated fields by the power systems. In the case of the low-frequency magnetic fields, these limitations have been defined on the basis of the induced current density in the human body. That is, a set of maximum values of current density have been defined. These values are called basic restrictions and should not be exceeded in any case. On the basis of these restrictions, some reference levels for the magnetic field have been defined, as a function of the frequency. The magnetic field is allowed to exceed these reference levels, provided that the basic restrictions on the current density are respected. These reference levels have been obtained using computational techniques performed on very simple models. Generally, both the magnetic source and the geometric model of the human body are considered to be very simple. Thus, the current density may be overestimated [2] . A better knowledge of the way the current density develops inside the human body would allow the assessment of more acceptable limits for the radiated fields. 
A. Electric Properties of the Living Systems
The computation of electromagnetic quantities in the human body is a difficult challenge, in that the particularities of this "system" have to be taken into account [3] , [4] . First, the human body has a highly heterogeneous structure, which results into a very complicated geometry. Most importantly, it does not exist in a characteristic scale: the structure of the human body is completely different at the cell scale, at the tissue scale, or at the scale of the whole body. The electric properties of the human body are very unusual and are still not well known, compared to those of classical electric systems. These properties have been intensely investigated during the last decades [5] - [9] and have been proven to depend upon several parameters, and notably upon the frequency and the activity of the person. Moreover, these properties cannot be measured in vivo. The electrical permittivity is exceptionally high at low frequencies (for instance, the permittivity of the blood is at 1 kHz), and decreases with the frequency.
The values of the conductivity for several tissues are tabulated in Table I at different frequencies. One observes that these values are very low, compared to the "usual" conductor materials ( S/m for the copper). On the other hand, the permeability of the human body is 1.
B. Choice of the Method
Our purpose is to compute accurately the currents induced into the human body by realistic devices, such as transformers, motors, or electronic article surveillance devices. Indeed, other works already exist on the computation of induced currents into the human body using different methods like finite-element (FE) [10] , [11] , finite-difference time-domain (FDTD) [12] , or impedance method (IM) [13] . In most of these works, great attention is paid to the model of the human body. As example, in [14] hand, the sources of the magnetic field are generally quite simple: the field is often supposed to be uniform or at most generated by a wire system [12] . However, in proximity to an electrical device, the magnetic field is far more complicated. At the same time, the region close to the device is precisely the region where the field is more intense. Thus, when the purpose is to assess the values of the current density induced by a realistic device into the human body, the magnetic field has to be modeled accurately.
In this paper, a special three-dimensional (3-D) FE formulation based on a quasi-static A-formulation is presented. The interest of this formulation is that it allows to compute separately the magnetic field generated by the electrical device, and the induced currents into the human body. The choice to implement the FE method comes from the fact that the tetrahedral elements allow a good representation of complicated geometries, even with a moderate number of elements.
The model of the human body that has been adopted is compatible with the typical skin-depth of the tissues (Table II) at the given frequencies. On the other hand, at present time, any model of the human body is intrinsically limited by the incertitude on the electrical parameters, and by the anatomical differences between different persons. Thus, in the author's opinion, it is a matter of discussion whether the use of a model with a higher resolution really leads to a better knowledge.
II. FORMULATION
Let the region occupied by the human body, and its boundary. For the considered range of frequencies (up to 1 MHz), the wavelength of the electromagnetic field is much larger than the human body (300 m at 1 MHz), thus a quasi-static approach is used. The permittivity of the human body is exceptionally high. Thus, it is a matter of discussion whether the displacement currents are negligible [4] , [11] . In this paper, it is supposed that actually they are. Under these assumptions, the curl of the electric field can be written as (1) where is the magnetic vector potential. Thus, the electric field can be expressed by (2) where is an electric scalar potential. By using the Ohm's law the induced current density can be written as
As the conductivity values of the human body are low (Table I) , it can be assumed that the magnetic field is not modified in an appreciable way by the induced currents in the human body [4] , [10] - [13] . Hence, the vector potential in (3) corresponds to the magnetic field generated by the appliance in free space. This potential is assumed to be known: either it can be obtained from analytical or numerical computations, or it can be identified from experimental measurements. By replacing (3) in the charge conservation equation one finds (4) In this equation, the scalar potential is the unknown, and the vector potential is the source term. Equation (4) holds everywhere inside the volume , provided that the divergence operator is defined in the sense of the distribution's theory. However, a special attention must be paid to the interfaces between two regions and with different conductivities. In these points the current density is actually not continuous, and the continuity of its normal component has to be ensured (5) Notably, at the boundary of the human body the normal component of is zero, that is the current cannot spread out of the body. Hence, the boundary conditions are (6) Equations (4)- (6) represent the strong formulation of the problem. Now, let be a continuous, piecewise differentiable function. By multiplying each member of (4) by , and after integration by parts over , one finds (7) It can be shown that there exists only one function such that (7) holds for any continuous, piecewise differentiable function. Moreover, this function is precisely the solution of (4)- (6). It is worthful to remark that the scalar potential is a continuous, piecewise differentiable variable. The conductivity is a scalar piecewise continuous variable, thus the potential scales linearly with the frequency , and with the source term . At present time, the anisotropy of the tissues is not taken into account. The problem to find the function such that (7) holds for any is a weak formulation of the problem (4)-(6). This problem is computed with the FE method with classical nodal elements [15] , in that the unknown potential is continuous. The conjugate gradient method is used to solve the linear system. There are two main advantages to such a formulation, compared to a general one. First, the induced currents are computed separately from the magnetic source field: it is then possible to use accurate geometric models for both the magnetic source device and the human body. Second, conductivities of the human tissues (Table I) are not of the same order than those of the electrical devices, leading to ill-conditioned matrices. By decoupling both problems-the magnetic vector potential due to the source, and the induced currents into the human body-better solving may be obtained.
III. VALIDATION
The numerical method has been validated by comparing the results with both analytical and numerical solutions.
A. Comparison With Analytical Solutions
Under the same assumptions used to develop the FE formulation (propagation effects, displacement currents and the "armature reaction" are neglected), some "exact" analytical solutions can be obtained in the case of a sphere [16] . For the case of a field gradient along the axis one finds for the electric field (8) The numerical and analytical solutions have been compared on the basis of the criterion error (9) where is the FE solution, and is the analytical electric field. As shown in Table III , a good agreement is found. The numerical solution converges toward the exact one when the mesh size is reduced.
B. Comparison With a Numerical Solution
Then, the formulation has been checked by comparing the results with those obtained using a general formulation, computed with the Flux 3D package (2D/3-D FEM Software Products Developed by INPG/LEG and CEDRAT). A classical quasi-magnetoharmonic formulation has been used: propagation effects and displacement currents are neglected, but the "armature reaction" is taken into account. The electric field induced in a sphere by a circular coil (Fig. 2) is computed for different values of the product , where is the conductivity and is the frequency of the source currents. The sphere is meshed using 15 309 tetrahedral elements of the second order. Fig. 3 shows that the threshold of validity of the formulation is found in the range s m . From the values of conductivity of the human tissues (Table I) , it is then seen that the two formulations are equivalent in the 10-Hz to 1-MHz range. This validates the assumption that the magnetic field is not modified in an appreciable way by the induced currents in the human body.
IV. APPLICATIONS
The method is used together with an anatomical model of the human body. The mesh is obtained from 59 CT scans, allowing to take into account the real shape of the human body (Fig. 4) . It has been obtained using the Amira package (Amira-Template Graphics Software Inc.). 1 It is made of 33 181 nodes and 182 650 tetrahedral elements, leading to 221 606 degrees of freedom. This geometry includes 11 different media.
The vector potential can be obtained either from analytical computation, or from a separate numerical FE computation, or it can be obtained from experimental data by modeling the device with a multipole [17] .
As qualitative example, the currents induced in a human body by an AC motor-like structure are computed. The vector magnetic potential is computed separately using the Flux 3D package. Two orientations of the motor are compared. The axis of the motor is first located vertically (Fig. 5, left) . Second, the rotor is rotated toward the human body (Fig. 5, right) in such a way that the distances are unchanged. It is observed that in the first case the induced currents are larger due to the flux leakage.
V. CONCLUSION
A method to compute the currents induced by realistic devices in the human body is presented. The results obtained allows to study the influence of the parameters of radiating devices on induced currents. This knowledge is useful in order to search simplified models of appliances, which aim to catch the features of the stray field that are sole essential to compute accurately the induced currents in the human body.
